EngT 503 Winter 2005 FINAL Part]

1. 7

Consider the IBVP describing vibration of the rectangular membrane with one fixed side
and with other sides attached by the springs the frame.
Use the Integral Transform Methods to solve this problem.

a) Find the solution of the Wave Equation u(x, y,?)

o’u  du , 0%u ou

vt e(xyt)=al —+b =+u t>0 *
o oy glert)=a Zr+b' ®)

in the domain D = (0,L)x(0,M ) subject to boundary conditions:

S

x=0 u|_,=/f(y1) t>0 H,=-L  (Dirichlet)

x=1L k%+h4u}

=f,(».1) t>0 H,

x=L

k
h, .
—= Robin
. ( )

=f](x,t) t>0 H, =%3 (Robin)

[ h .
y=M kau+h2u} =fo(xt) t>0 H,=—*  (Robin)
L y=M k
and initial conditions:
u(x,3.0)=u,(x,y) (initial shape of the membrane)
ou (x, y,O) . .
—— = (x.y)  (initial velocity of the membrane)

b) Write the solution and sketch the graph for the case:

L=10, M =4, g(x,y,t)zO

a=1.0,b=08,c=1.0 fi=h=f=1=0
k=2, h=h=h,=h,=4.0

0 (5) = (x~4)(6 )y~ )3~ )] H (x—4)~ H (x~6)][ H (1)~ H (y-3)]
u, (x,y) =0

MYOATOPHX

¢) Investigate the influence of coefficients a, b and c on the vibration of the membrane.
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Solution I) Integral Transforms:
1) Finite Fourier Transform (Dirichlet-Robin) (Table FFT, p.146):
L
Fopp cu(xp.0) >, (1) :Ju(x,y,t)KXn (x)dx
0

KX, (x)= sin A, x KX (x)= A, cos A,x
’ 2 sin(22,L) ’ 2 sin(22,L)

L 44, L 44,
A are positive roots of AcosAL+H,sin AL =10

o] St e o)+ ke, ()4, )

Ne>

D-R {fl (x,t)} = ]71,,1 (t)
x D-R {fz (x,t)} = fz,n (t)

o

2) Finite Fourier Transform (Robin-Robin) (Table FFT, p.146):

M
Foppiu(xyt) >, (xr) = [u(xy0)KY, (y)dy
0

m P 2
(lum +H1 ) H H
M+——— |+—F
2 u, +H, 2

i, are positive roots of (H,HZ —,uz)sin,uM +(H,+H,)ucos uM =0

F rr {82—”;} = ifl (x.1)KY, (0)+MKY," (M) -, (x.1)
’ oy k k

Fonad s (1) = Fo (1)

Fyna{fo (1)} = Fo (1)

Application of both transforms:
F, pr {Fv DR {u(x,y,t)}} = ﬁn,m (t)

P24} < n 00 2, ()2, ()

o8 )1, 0020, 00 )]
=7 (KX (o)%ﬁ,m () KX, (L)~ 275, (1) +

# (KT, (0) 4 £, (0 KY, (M)~ 37, (1)

= Fon (VKX (0)+ 2 Fo (7 KX, (L)t £, (KT, (0) 4 o, (KT, (M)~ (15 + 2 ), ()
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3) Laplace Transform:

Lia,, (1)} =U,,(s)
L{g,,, (1)} =G, (s)
L{7,, (1)} = F, (s)
L{f, (1)} =F.,. (s)
L{fon (1)} = Fi (s)
L{fon (1)} = F, . (s)

F rr {F; D-R {(*)}} =

u =
=g —om Py G ' (**)

ODE subject to initial conditions: 1, ,, (0) =1,

%ﬁn,m (0) = L_ll,n,m

o (5) KX, (0) 4 Py (5)KX, (L) 3 P (5)KY, (0)+ 1 oy (5)KY, (M) ~(2 4.27)U,0(5) G, (5) =

2.2 = = 2 = 2
=a (S Unm _Su(),n,m _ul,n,m)+b (SUnm _uﬂ,n,m)+c Unm

F;, (s)KX.(0) +éF4m (s)KX, (L) +éFM (s)KY, (0) +éF2yn (s)KY,(M)+G,, (s)+a’u,,, +b’u,,, +sa’u,,,

= [a2s2 +b’s+c’ + +/15]Un’m (s)
[azsz +b's+c’ il + l}f]UW (s) =0, (s)+ azﬁjﬁ_m +b21/=l()'n'm +sa2§0’n,m

where 0, (5) = Fy, (5) KX, (0)++ F,,, (5) KX, (L) 4 F,, (5) K, (0)+ ., (5)KY, (M) G, , (5)

nm 1 3m

Unvm (S) _ Qn,m (S) + azﬁl,n,m +b2L=lO,n,m + Sa21’=ll7,n,m

[azsz +b’s+c’ + +/1,f]

2= =
_ Qn.m (S) + a u],n.m +b u()'n,m + N a217
= 0,n,m
[a2s2+b2s+cz+,u,i+/1,f] [a2s2+b2s+cz+,ui+/1,f] [a2S2+b2S+cz+,uj,+/1,f]
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I R
&+ s+ ++ A =a’ 2y ST T

i 2 2\ 2\ 2 2 2
:az S2+2 b_z S+ b_z — b_z +w
2a 2a 2a a
2

32 2 2 2 2\
—a’[(s-a) + 5] A:[L] g, O [b_]

a 24’

Qﬂ m (S) azﬁI n,m +b2170 n,m N 2=
= ’ 2 + = 2 —at 2 a ul),n,m
az[(s—A) +BZJ az[(s—A) +BZ} az[(s—A) +BZJ
= 1 Q"JV! (S) + Bnm a21’={1,n,m +b21’=ll7,n,m + §— A + A =
[(s—ay+8;,] @ [(s-ay+B,] @B, [(s—ay+5] "
] Q"ym (S) + nm azﬁl,n,m +b217(),n,m + §— A = A =
= u n,m T 5 .7 n,m
((s=ay+8,] @ [(s-ay+8,] @B [(s—ay+5 ] " [(s—ay +8,] "
1 Qn m (S) Bnm aZL:t] n,m +b2170n m N _A = Bnm Aﬁﬂn m aZ
= 2 5 ——t 2 5 — —+ 2 Ugpm + 2 7
[(s—ay+B,| @ [(s-a)+B,| B [(s—4) +8], | [(s=4) +B],| Bw a
— 1 Qn,m (S) + Bnm azﬁl.n,m +b2170,n,m +a2A170,n,m " s—A 17
[(s—ay+85,] @ [(s-a)y+8],] a’B,, [(s-4)+5], ]
Inverse Laplace Transform:
u,,(t)=L"{U,,(s)}
-1 1 Qn,m (S) Bnm azﬁl,n’m +b2170,n’m + aZAﬁO,n,m S — A =
=L 2 2 2 + 2 2 2 + 2 > uO,n,m
[(s—ay +8,,| @ [(s-a)+B], | a’B,, [(s—4) +8;, |
_ 1 O..(s) - B, au,,, +b’u,, , +d’du,,, s—A _
=1 — - " + 1! — - 1 azoB Omm o -1 ﬁ U m
(s—4Y +B, [(s-4)+8,, | ” [(s—4) +8;, |
2= 2= 2 =
= L_I |:( )12 - :| Qn,m ( ) +eAt Sii’l (B,,mt) a ul'n,m +b uzﬂl;m t+a AuO,n,m +eAt COS(Bnmt)l/:lo .
S—A +Bnm a a nm v
= b =
u n,m +717 ha.m — ;b-?
w,, (1) =L ! 0. (9) o 2a? 7 sin(B,,t)+1,,, cos(B,,t) e

[(s-ay+8,] @ B,
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If 0Q,,(s)=0,, (nota function of s ), then

— Lfl Bnm Q",m
|:(S - A)Z + Brfm:| aZBnm

Qn m

2
a

2= 2= 2 4=
au,,+bu,, B +aAu,,,

2
aB,,

+e sin(B,,1) +e" cos(B,,t)iy,

nm

2= 2= 2 4=
a ul,n,m +b u(),n,m +a Au(),n’m

= sin(Bnmt) +e sin(Bnmt)

At =
73 +e Cos(Bnmt)u(],n,m
nm a nm

sin(B t)+b=loln’mCOS(B t)

nm nm

2= 2= 2 4=
_ eAt a u],n,m +b u(),n,m +ta Au(],n,m + Qnm
- 2
aB,,

2
2= 2= 2 _b
_bzt a ul’n'm + u0,n,m +a [2(12 ju&n,m +Qnm

7B Sin(Bnmt)+’/=IO,n,m cos(Bnmt)

nm

- bZ
5 = =
-b a u],n,m + 7uﬂ,n,m + Qnm

= eﬁl 2 Sll’l(B t)—"_z’:l(),n,m COS(Bnmt)

nm

A L N e R AR A Az (BY
=e? P Sin B | == t +Uuy, , COS — | == t
2{02+,u2+/12 (szJ a 2a a 2a
a m n___

b2

;ijt azlj],n,m +7_0,n,m + Qnm . c2 + /_ljz +ﬂ'nz bz 2 - CZ +/u'2n +/1nz bz 2
=e S sin 5 - 5 t\+uy,, cos|| ——————~— 5 t
L b a 2a a 2a

4a’

b 2 Qnm

ul,n,m + 2 u(),n,m + 2

;bl
sin(B,,t)+1u,, , cos(B,,t) o2

<

o (1) = 1 (U (9)) = -

nm

Inverse Finite Fourier Transforms — Solution of the IBVP:

b : anl

2(12 ul),n,m 2 —t

ul,n,m +




