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Chapter 7

Systems of 1% Order Linear Differential Equations

A

=

saddle point

A,>0, 4,<0
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7.1 LINEAR SYSTEMS OF THE 1%t ORDER ODE’s

Linear system X' =P(t)x+g(t) x(z,)=x" initial condition (14)

x1’ :Pu(t)x1 + P (t)xz teo+py, (t)xn +g1(t)

x; :P21(t)x1 ) (t)xz +teo+py, (t)xn +8, (t)

xr’l = pn[ (t)xl +pn2 (t)xZ +'”+pnn (t)xn +gn (t)

Homogeneous system x'=P()x

Reduction of n'" order linear ODE y(”) +a, y("’l) +..tay=g

to a system of n 15t order ODEs:

X, =y x;=y'=x,

x,=y xX,=y"=x,

x3 — y”’ x; — y’” =x4

xn—[ = y(n72) x;’z—[ = y(nil) = xn

X, = y(H) x' = y(”) =—ax,—.—ax+g

x, )
t=t,

x, (1) ) x,=x(t)
Solution, parametric graph x, (2) L X, x, =x,(t)

X3 (t > X3 = X3 (t)

X

1

Modeling of interconnecting tanks (7.1 #22)

Existence Theorems (7.1.1 and 7.1.2)



Math-303 Chapter 7 Linear systems of ODE November 16, 2017 4
7.2 Review of Matrices
;4 a,
a, a a
Matrix mxn A=| 7 7 o = (aij )
_aml am2 amn
a]] a]Z a]n
a, a a .
nxn A=l 77 o = (a,.j) square matrix
_anl anZ ann
'x1
'xZ
Vector nxl x=| . = (x) column vector
x}’l
T T
Transpose Al = (aﬁ) x'=(x, x, x,)
Conjugate A = (E,.j) x=(x)
Adjoint A= AT

Self-adjoint (Hermitian) if A" = A (for real matrices, A" = A symmetric)

Matrix Algebra: A=B a; = b, foralliandj
10 0
1 0
L. =l
00 - a
A+B =(a,+b,) A+B =B+A
0 A+0=0+A=A
kA = (ka,)
A,.B,., = (cii )Wp ¢, = a.b, (in general, AB#BA)
k=1
IA = Al for square matrices
0A = A0 for square matrices
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Matrix inverse

Products of vectors:

Properties:

Norm

Orthogonality

3-D coordinate vectors

Matrix Functions

AAT = ATA = 1

(2% 2 matrix)

(if det A # 0, then inverse A~ exists)

oo e b 1 [d b
~ |e 4|  ad-bc|-c a

Gaussian
elimination

[al1] -

[ 1| A" J row reduction

inner (scalar) product

x| = y(xx)
xly if (xy)=0
1 0 0
i=|0] j=|1]|, k=|0
0 0 1
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7.3 Systems of Linear Algebraic Equations

System of algebraic equations Ax = b

Augmented matrix [A | b]

RREF

Solution

Linearly independence vectors X,,X,,...,X, are linearly independent if

¢ X, +c,X,+...+tc,x, =0 onlyifall ¢, =0

xlm
'x2m
n vectors of length 7 : X, X,,...X, X, =| "
xnm
Fact: det[x, X, .. X,|#0 < X,.X,,...X, are linearly independent
Eigenvalue problem: Ax = Ax x=0
Solve characteristic equation: |A - AI| =0 = A, are called eigenvalues
Find eigenvectors by solving (A-20)k, =0 = k, is called an eigenvector
corresponding to eigenvalue A,
1) Real distinct eigenvalues (4 —2)(4,—4)-«(4,—4)=0  There exist n linearly independent
eigenvectors k, k,, - Kk,
corresponding to 4,, 4,, ..., 4,
2) Root of multiplicity s (/1, - /1)5 =0 There can be more than one lin.indep.
k,,---k, corresponding to 4,
(m is called geometric multiplicity)
(s is called algebraic multiplicity)
3) Complex roots A, =a+pi k,=b, +ib, appear in conjugate pairs
A=a-pi k, =b,-ib,
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7.4

Basic Theory of Systems of 1% Order Linear Differential Equations

Matrix-vector notations:

Homogeneous System

Initial conditions

Superposition principle:

Linear dependence

Wronskian

Theorem 7.4.2

Theorem 7.4.3

Theorem 7.4.4

Fundamental matrix

General solution

Solution of IVP

k, Xim P (t) P (t) P (t) ¢
k= k:z ,x, = xZ:m ’ P(t) _ sz:(t) pzzz(t) pZn:(t) e= c:2
kn xnm pnl (t) an (t) '“ pml (t) cn
X' (1) =P(1)x(t) te(a,b) 3)

x(to):xo

If x,,x, are solutions of (3), then ¢,x, +¢,X, is also a solution (Th 7.4.1)

It is said that x, (7),x, (¢).....x, (¢) are linearly dependent on (a,b) if
there exists a set of constants ¢,,c,,...,c, not all equal to zero, such that
ex, (1) +e,x, (1) +..t¢,x, (1) =0 forall te(ab).

Otherwise, x, (7)., (¢).....x, (¢) are linearly independent on (a.b) .

w(t)= det[xl (1) x, (1) ... x, (t)}

Solutions x, (¢),x, (7).....x, (¢) are linearly independent at t, if W (t)+0

If x,(2),x,(¢).....x, (¢) are linearly independent solutions of x'(¢)=P(¢)x(r),

then any solution of (3) can be written as @(7) =¢,x,(¢)+c,x, (¢)+...+¢,x, (¢)
If x,(1),x,(¢).....x, (¢) are solutions of (3) in(a,b) , then
W (t)=det[x,(t) x,(t) ...x, ()] =0 in (a,b) or W(t)#0 in (a,b).

W(f) _ Ceﬂpu(’)*---*Pw(’)]d’

Existence of at least one fundamental solution

Y=[x,x,..x,] W=det¥+0, te(ab)

x =%¥c x(1)=cx, (1) +ex, (1) +..+¢,x, (¢)

x'=Px X(l‘())= X,
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Fundamental sets for homogeneous linear systems with constant coefficients

7.5

7.8

7.6

a]] a]Z
a

21 22

x' = Ax , where A= :
a, a

I  Real distinct eigenvalues

Characteristic equation

Find eigenvectors by solving

There exist n linearly independent eigenvectors

The fundamental set:

II Repeated eigenvalues

Characteristic equation

Find eigenvectors by solving

Case 1

The fund. set:

Case 2

Then solve

To find vectors

The fund. Set:

IIT Complex eigenvalues

Conjugate pair of complex roots

Find eigenvectors by solving

The fundamental set:
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a,, x, (1) k,
af” , x(t)= 2 (t) Trial form: x(¢)=ke", k=|’
a,, x, (1) k,

|A-21|=0 = (4, =2)(24,=2A)+(4,-2)=0

(A-41)k, =0

k, k,, --- Kk, correspondingto 4,, 4,, ..., 4

n

If there exist linearly independent eigenvectors

x, =e"'k,, x, =e”k,, -+, x, ="k,
|A-21|=0 = (4, =2) =0 root of multiplicity s
(A - /lll)k =0 (algebraic multiplicity)

k, k,, -+ Kk, corresponding to A, (geom.)

At At Ayt
x,=e"k,, x,=¢e"k,, -+, x, =€k

If there exists only one independent eigenvector k corresponding to A,

(A_/Ill)p =k
(A_lzl)q =p
P.q ..

2

X, =€;L'[k, X, =elﬂ (lk+p), X, =e)~11 [%k+pt+q ) o

|A-21]=0 =  A=a+pi A =a—pi

(A-24D)k, =0 k,=a+ib k,=a—ib

X, = e”(acos Bt —bsin ft)

X, = e (asinBt+bcos fr)
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X' =ax+by a b 5 X, PHASE PORTRAIT
Plane System , A= ,x=|"
y =cx+ dy c d X, solution

Characteristic Equation:

Eigenvalues:

|A—/11|:/12 —(a+d)/1+ad—bc:0

_(ard)t(atd) ~4(ad-b) _1ra2yA

"2 2 2

I A4>0, 4 #4eR, x(t)=cke +ck,e™

L

curve

| =
- \ = K
unstable node stable node
A,>0, 4,>0 A,<0, 4, <0
I A=0, A=A =AcR
a) Two independentk,, k,
x(t)=ck,e” +c,k,e"
proper unstable node proper stable node
A>0 A<0
M A<0 A,=a*pfi, k,,=a+ib

=

A,>0, 4, <0

b) One independentk (find p)
x(¢)=cke" +c, (ki +p)e”

3

£l

improper unstable node

A>0

a) a=#0, x:[cl(acosﬂt—bsinﬁt)+cz(acosﬂt+bsinﬂtﬂe‘”

2

stable spiral point

a<0

@\

unstable spiral point

a>0

b) a=0, A,==%pi, x=cl(acosﬂt—bsinﬁt)+c2(acosﬂt+bsinﬁt)

centew

vector
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7.7 Fundamental Matrix
x)
System of ODE’s x =Px, x(4,)=x"=| ¢ General solution: x =c¢,x, +¢,X,+...+¢,X,
x,
@ X, = Px, Y=[x,x,..x,] ¥ = PY
x(t) =Y (t)c General solution
x(6)="(1)¥"'(1,)x’ Solution of IVP
X, = Px,
0
X (0)=e, =| 1|« K" ® =[x, X, ..X,] @' = PO
_0_.
@(0)=I
o (0)=1
x(1)=®(t)c
x(1) = (1)’ ®(1)="¥(1)¥" (0) ® = o~
The matrix exponential function ( A is a constant matrix):
0 tA)ﬂ t2 ["
'=A 0)=x’ A= ( = T+ A+—A"+.. A"+
x'=Ax x(0)=x e ,,Z:,;n/ AT AT AT

® and " are solutions of the same IVP




2) Construct a transformation matrix

3) Find inverse

4) Calculate entries 4;

5) Define the new variable

Solve equations for y,,...,y,:

T=[k, k, --- k,| (if cigenvalues are lin.ind.)

T (Transformation matrix diagonalizes A):
A, 0
-1 /12
T 'AT=D, D=
0 A,
T g=(h)
x=Ty

y' =Dy +T"g (equations are uncoupled)

v (t)=ce™ + e""’je’l”hldt

y,(t)=ce™ + ei"’je’i"’h,ldt
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7.9 Solution of the non-homogeneous system
X' =P(1)x+g(1) X(l‘())=X0
I Diagonalization
1) Solve Eigenvalue Problem: |A-21=0 = D Py Ky Ky, Kk

6) Obtain the general solution by x=Ty
II Variation of parameter
Fundamental matrix Y=, X, ..X,|

Particular solution:

General solution:

Solution of IVP with the help of ¥ :

Solution of IVP with the help of @ :

III Undetermined coefficients
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